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Abstract. Markov RandomFields are widely usedin mary image processing
applications Recentlythe shortcomingof someof the simplerforms of these
modelshave becomeapparentandmodelsbasedon largerneighbourhoodbave
beendeveloped Whensingle-siteupdatingmethodsareusedwith thesemodels,
a large numberof iterationsarerequiredfor corvergence.The Swendsen-\ahg
algorithmandPartial Decouplinghave beenshawvn to give potentiallyenormous
speed-upto computationwith the simple Ising and Pottsmodels.In this paper
we shav how the sameideascan be usedwith binary Markov RandomFields
with essentiallyary supportto constructauxiliary variablealgorithms However,
becausef the complaity andcertaincharacteristicef the models,the compu-
tationalgainsarelimited.

1 Introduction

Markov RandonFields(MRFs)wereintroducednto theimageprocessinditeraturein
1984[3], andhave sincebeenwidely usedfor mary tasks,mainly in low level vision.
Despitetheincreasen computationapowerthathasbecomeavailable, andtheinherent
parallelisatiorthat canbe appliedto the computationahlgorithms,computationwith
MRF modelsand single-siteupdatingalgorithms(the usualforms of the Gibbssam-
pler and Metropolis-Hasting$5] algorithms)is time consumingln statisticalphysics
applicationsyheretheaimis to simulatelargeinteractingspinsystemsthe Swendsen-
Wang (SW) algorithm[11] wasdevelopedto speedup the computationgspeciallyat
the critical point, whensimulatingthe Ising [8] or Pottsmodels.The Multi-Level Lo-
gisticmodelof [3] is justthe Pottsmodel,andsothe SW algorithmis applicablan that
caseHowever, it hasbecomepparenthatthelsingor Pottsmodeldoesnotcapturehe
imagecharacteristicthatareimportantin segmentatiortasks[10]. This hasmotivated
thedevelopmenbf MRFswith longerrangeandmorecomplex formsof interaction[1,
12] to modelmoreadequatelythe structuregpresentin typical segmentationmagery
The applicationof thesemodelshasproved successfulbut single-siteupdatingalgo-
rithms have proved computationallyintensie, especiallywhenthereis a requirement
to estimatethe hyperparametersf thesemodels[4]. Motivatedby the succes®of the
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SW algorithmto dramaticallyspeedup computatiorwith the Ising or Pottsmodel,in
this paperwe investigatethe useof the auxiliary variableapproachappliedto MRFs
with long rangeinteractionspothin theform usedin the SW algorithm,andthe partial
decouplingapproactproposedn [6]. The SW algorithmhasmostbenefitnearthecrit-
ical point of the Ising model. The auxiliary variablemethodsdevelopedin this paper
appearto be of limited benefitfor the simulationof modelswith long-rangeinterac-
tions.Thisis likely to bebecaus¢he modelsarebeingusedwell avay from ary critical
regimes.Indeedthepresencer absencef critical behaiourin modelswith long-range
interactionhasto bedemonstratedn a model-by-modebasis Whetherthelong-range
interactionmodelconsideredn this papethasa phaseransitionis currentlyunknaown.

2 Auxiliary Variablesfor Markov Random Fields

2.1 The Swendsen-Wang algorithm and Partial Decoupling

Theideabehindauxiliary variablemethodss thefollowing:

It is desiredto simulatea distribution 7(x). Auxiliary variablesu areintroduced,
with conditionaldistribution(u|x). Thisgivesajoint distribution (x, u) = 7 (u|x)m(x),
with the desiredmaminal distribution for x of «(x). Simulationof this distribution is
generallyperformedby alternatelyupdatingu andx — theideabeingto definer(u|x)
suchthatthe updatecauserapid mixing. Therealisationof x arethosedesired.

Thelsing modelis definedby

m(X) o< exp (ﬂ Z z; = :c]]> (1)

i~ j

wherei ~ j indicatesnearesheighbourpairs.
For the SW algorithmthe distribution 7 (u|x) is definedsuchthatthe ;; areinde-
pendentandis

p(us5]x) o< exp (=Bl[z; = z;]) 1[0 < ui; < exp (Bl[z; = z;])] 2
whereu;; canbeconsideredisa continuousbond’ variablebetweerthe pixelsz; and
z; andl[] is theindicatorfunction. Thisresultsin

m(X|u) o JT1[0 < uij < exp (Bl = ,])] (3)
inj

Whatdoesthis choiceof distributiongive us?Considerindirst p(u;;|x), for u;; > 1 we
musthaveexp (8l[z; = z;]) > 1, orequialently, z; = z;. Thusu;; > 1 constrains;
andz; to bein thesamestate Corverselyif z; andz; arein thesamestate whatis the
probabilityof u;; > 1? Fromthe conditionaldistributionin equation2 we have that

pluig > 1|z = ;) = 1 — exp(=f) (4)

Sinceit is only importantwhetheru;; is greateror lessthanonewe maythink of the
u;; asbinarybondvariablesFromequatiord thebondvariableis presenbetweertwo



pixelsin thesamestatewith probabilityl —exp(— ). To sampleu thusinvolvesplacing
bondsbetweemeighbouringixelsof thesamestatewith probability1 — exp(—4) and
omitting bondshetweemeighbouringixelsof differing states.

Oncethebondsarein place the conditionaldistribution 7 (x|u) saysthatall config-
urationswherebondedpixelsareof thesamestateareequallyprobable Thusto update
x we form clustersof connectegixelsandassignto all pixels of the clusterthe same
state,chosenuniformly from the allowed states This schemeallows potentiallylarge
clustersof pixelsto changestateat eachiteration,allowing the Markov chainto explore
thedistribution freely.

In the discussiorabove we have assumedhatthe parameteg3 in the Pottsmodel
is positive, inducing clustering.However, the SW algorithmis still applicableif 5 is
negative. In this casea similar agumentgivesthat neighboursn differentstatesare
constrainedo remainin differentstateswith probabilityl — exp(8). Thisforms‘clus-
ters’whereneighbouringsitesin the clustermustbein differentstates.

Partial decouplingwasintroduced®6, 7] to overcomesomeproblemswith thebasic
form of the SW algorithmwhensimulatingsystemswith data.In this casegrowing the
clusterswithout taking any accountof the datacan be unhelpful, asthe clustersare
unlikely to reflectthe structurein the data.A modificationto the conditionaldistribu-
tion of the auxiliary variablesallows the datato be taken into accountwhenforming
the clustersLaterin this paperwe will usethis modificationto systematicallyeduce
the strengthof the constraintantroducedby the compleity of the higherorder MRF
models.

The SW algorithmforms clusterswhich are colouredindependentlyTheideabe-
hind partialdecouplings to reducethe probability thatbondswill be placedwith the
consequencthatthe clusterswill notbeindependentandsothecolouringof the clus-
tersthemseleswill have to be updatedusinga Markov chainMonte Carlo (MCMC)
schemd6].

Insteadof thedefinitionof p(u;;|x) in equation? above, we now define

p(uij|X) < exp(—dfl[x; = ;)0 < wi; < exp(d8I[z; = ;])] (5)

whered is afixed constanbetweerzeroandone.This resultsin

m(X|u) x exp (Z(l —6)Bl[z; = :c,]) X H 1[0 < u;j < exp(68l[z; = z5])] (6)

i~ j invj

So now we form clusters(or enforcethe dissimilarity of neighboursjn the caseof
negative 3) by bondingpixels with probability 1 — exp(—d8). However, the clusters
thusformedarenotindependentandtheir colouringmustbe updatedconditionallyon
the pixels neighbouringthe cluster ThusclusterZ takescolour &, conditionalon its
neighbors /' (Z) with probability

m(k[N(T)) o< exp ( Y (-8)plk= wj]) (7)

i~jii€Z,jeEN (T)

andis updatedusing,for example the Gibbssampleror the Metropolis-Hastingslgo-
rithm.



In [7] the §’s werechoserto split the lattice up into regularblocks.In [6] the data
wasusedto setthevaluesof ¢ to encouragelusterssupportedy thedata.In this paper
we will usethe §’s to avoid overconstraininghe possibleupdatesandto reducethe
complity introducedby negative §'s.

2.2 The'‘chien’ model

In its original formulationthe ‘chien’ model[1] wasdefinedasa binary MRF, where
thepotentialfunctionconsidere@5 x 5 neighbourhoodand3 x 3 cliques.For aclique
of size3d x 3 thereare512 configurationsWhensymmetrieareremoved,thisreduces
down to 51 classesTheseclassesare shavn in figure 1. By consideringthe enegy
associatedvith linesandedgesthe 51 parametersg; to ¢s1, in figure 1 werereduced
down to functionsof threeparametergiepresentingpoundarylength(e), line length(l)
andnoise(n). Thereaderis referredto [1] for full detailsof this model.
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Fig. 1. The51 classe®f cliqueconsideredn the‘chien’ model

2.3 Auxiliary variablesfor the‘chien’” model

Corventionally the probability of a configuratiorof anMRF is writtenin thefollowing

form
P =  exp (2 m(x)) ®
c

Thatis, thetotal enegy of the configurations madeup of a sumoverall thecliquesof
the potentialsassociatedvith eachclique configurationin thelsing/Pottamodelthese
cliguesarethe neighbouringpairs,andthe configurationghe stateof homogeneityof



thesepairs.In the‘chien” modelthe cliguesare3 x 3 blocks,andthe configurations
arethoseshown in figure 1. For the Ising/Pottsmodel,writing the enegy in theform

) x exp (Z Bijllzi = m]]) 9)
inj

indicateshow to introduceauxiliary variablesto induceclusterswith eitherreducedor

eliminateddependeng betweernthe clusters.To introducesimilar auxiliary variables

for the‘chien’ model,we mustwrite the pdf for the‘chien’ modelin a similarform.
Thepdf for the‘chien’ modelcanbewrittenas

p(X) o< exp (Z v(aj, bj:Cjadj;ejafjagjahjaij)) (10)
J
wherethe pixels are labeledas shavn in figure 2, the sumover j is over all sitesin

theimageandw(-) is the valuegiven by the classificationin figure 1. In subsequent
equationsve will dropthe j subscripto simplify thenotation.

a b c
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Fig.2. Labeling of the pixels in a Fig.3. Sample from the ‘chien’
cliqueof the‘chien’ model model,e = 0.8,/ =1.5,n=1.6

Theenengy of acliquecanbewritten, usingthis labeling,as

U(a7b7c7d7e7f7g7h7i) =

lla =e]l[b=e]llc =e]l[d = €]l[f =e]l[g = e]l[h = €]l[i = e]ey
+la=ellb=elllc=e]l[d=e]l[f =€]llg =e€]l[h =¢€](1 —I[i = €])cs
+lla=¢€llb=elllc=e€ll[d=€]l[f =¢€]llg =€](1 —I[h=€])l[i = €]ca
+la=ellb=elllc=elll[d=é]l[f =€]llg=€](1 —I[h=€])(1 —I[i =e€])cs

4 (= fa= (1~ b = eDlle = el(1 —did = )1~ I[f = ¢]
I[g = e]l[h = e]l[i = €]ess



+(A-la=e)A-Ib=e)(1-lc=e)1—I[d=e]
(L-1[f =)L —1[g = ) —I[h = )L~ 1[i = e])es (11)

wherethec's aretheclique parametersrom figure 1. A computeralgebrapackagecan
be usedto expandthis expressionandthento reduceit into a simpleform, whereeach
entry is a productof termsof the form I[- = -], for examplel[a = €](¢; — ¢2) and
I[a = e]l[b = e]llc = e]llg = e]l[h = e](—c2+3c7 + 2c10 — 3c15 + €18 — 2¢20 — 3c23 —
C26 — Cag + €30 — €32 — €34 + 2¢37 + 2¢38 — €40 — C42 — Ca4 + 345 + €46 + c47) €1C.IN
fact,termsinvolving all pairs,triples,4-tuples 5-tuples 6-tuples,7-tuples 8-tuplesand
the single 9-tuple are presentin this representatioisomewith a coeficient of zero).
This enablesisto write theenegy in theform

U(a’bﬂc7d7e7f7g7h)i) =

I[a = e]ﬁ{ae} + l[b = e]ﬁ{be} +...
+ lla = e]l[b = €]Biasey + I[a = e]l[c = €]B{ace} + - - -

+ lla = €]l[b = e]l[c = €]B{apee} + -

+lla=ellb=e]llc=e]lld = ]/B{abcde} +.

+1fa=ellb = e]lfe = e]l[d = e]l[f —e]ﬁ{abcdef} +-

+ l[a=e]l[b = e]llc = e]l[d = €]I[f = ]@‘dmmmw+
+lfa=e]l[b=elllc =e]l[d = e]l[f = ]I[g_e]l[h—e]/g{abcdefgh}+
+1[a = elfo = life = lifd = el[f = elfg = e[k = €lii = lBfamac s

(12)

In this representatiorthedistribution canbewritten as

X) X H €xp (Z Ik[aa b; c, d: €, fa g, h; i]ﬂ{a,b,c,d,e,f,g,h,i}) (13)
k

J

wherel[-]3;.y arethetermsin equationl2, k beingtheindex of theterm. Thisis now

in aform which makesapplicationof the extensionto the SW algorithmin [2] clear
We introducea setof independenauxiliary variablesuy, correspondingo eachof

thetermsin therepresentationf equationl2, with conditionaldistribution

m(uk(§)[X) = exp (=1x[18¢)1[0 < ui() < exp (Ix[181)] (14)
Thatis, for eachterml[-] 3;.; we have asetof auxiliary variablesyy, asin thestandard

SW algorithm.Eachelementof ug, ux(j) is independenand drawvn from a uniform
distribution U [0, exp(l ¢ [a;, bj, . . .| B¢.3)], resultingin aconditionaldistribution for x of

m(X|u) = HH' ur(j) < exp(lx[-]Bgy)] (15)



Sowe now have thatx|u is uniformly distributed, provided that the constraintsntro-
ducedby theparticularrealisatiorof theu variablesaresatisfied Theseconstraintsiow
form ‘bonds’ betweergroupsof up to 9 pixelsat atime, constraininghe groupsto be
in the samestate,for 3;.; > 0, or groupsof up to 9 pixelsare constrainedo not all
bein the samestate,for 8;.; < 0. An analogougprocedurecanbe performedfor ary
binaryMRF.

We candivide thetermsinto two classesthosewherethe coeficient 3; ., is greater
thanzero,andthosewhereit is lessthanzero.Theupdateprocedureas thenasfollows

1. For eachtermin the expansionof equationl1with 3.} > 0, for eachsite j, if all
thepixelsconcernedrein the samestate constrainthemto bein the samestatein
thenext iterationwith probabilityl — exp(—4;.y).

2. For eachtermin the expansionwith 8y, < 0, for eachsite j, if all the pixels
concernea@renot in the samestate constrairthemto notall bein thesamestatein
thenext iterationwith probability1 — exp(S;.}).

3. Chooseary randomcolouringwhich satisfieghe constraint§rom stepsl and2.

Theconstraintgeneratedh stepl (type 1 constraintspreeasilydealtwith —there
areonly two waysthata groupof n pixelscanall be homogeneous a binary MRF.
Thuswe canuseall of the constraintswvith 8., > 0, irrespectve of how mary pixels
areincludedin that term, to form clustersof pixelsin a similar mannerto the SW
algorithm,whereall thepixelsin aclustermustbein the samestateaftertheupdate.

The constraintsrom step2 (type 2 constraintsyre more problematic— thereare
2" — 2 waysa groupof n pixelscannotall bein the samestatein abinaryMRF. The
updatestratgly usedwasthatknown as‘generate-and-tesf9]. This heuristicmethod
workswell wheneitherthe densityof the constraintds low (suchthatthereare mary
configurationghatsatisfyall theconstraintandfinding oneis relatively easy) or when
the densityof constraintss high, whentherearevery few solutions but local changes
thatsatisfythe constraintswill almostalwaysmaove towardsoneof thefew globalsolu-
tions.

The‘generate-and-testipproachresultsin thefollowing algorithm.

=Y

. Startfrom arandomconfiguratiorthatsatisfieghetype 1 constraints
. Gothroughthelist of type 2 constraintauntil oneis not satisfied
3. To satisfythis constraint
(a) flip thestateof oneof theclustersinvolvedin this constraint
(b) if the constraintis still not satisfied un-flip this cluster andflip anotheruntil
the constrainis satisfied
4. Goto step2 until all the constraintsaresatisfied

N

Becausdhe constraintsare generatedrom the currentcolouringof the pixels,we
know thatthereis at leastone colouringwhich satisfiesall the constraintdn stage2.
(However, this colouringis notof interesto us;thewholepointof constructingheaux-
iliary variablealgorithmis to find arecolouringthatis significantlydifferentfrom the
currentcolouring.)Irreducibility is, however, guaranteedasthereis a non-zergproba-
bility of noconstraintdeingplacedresultingin thex variablesbeingindependentand
soary statecanbereachedn oneupdate.



Figure 3 shawvs a sample,generatedy the single-siteGibbs sampley from the
‘chien’ model,with the parameterdbeinge = 0.8, = 1.5,n = 1.6, after 10,000
iterations. Theseparametersvere chosento give a samplewhich shows regions to-
getherwith fine structure Startingfrom a randominitial image(eachpixel is black or
whitewith probability0.5),figure4 shavstheclusteranducedby thetypel constraints
for this setof parametevalues— thebond-graptshonvs how the pixelsareconstrained,
andthe clustermap showns how the bondsdivide the imageup into groups(thereare
actually109regionsin thisimage).Clearlywith this densityof type 1 constraintgind-
ing a colouringwhich satisfieghe type 2 constraintawill be easy It will, however, be
very similar to the initial colouring. This motivatesthe useof the partial decoupling
approach-thed’s canbechoserto reducethe densityof type 1 constraints.

If theinitial stateis all of onecolourthe situationis worse— almostevery pixel will
bebondednto oneregion, andthe samplemwill be essentiallimmobile.

Fig.4. Bond graph(left) and region map (right) from the type 1 constraintsfor the SW type
algorithm(seetext)

2.4 Partial decoupling for the‘chien’ model

Thedensityof thetype 1 constraintdeadto analmostimmobilealgorithmin the previ-
oussubsectionHerewe considethow partialdecouplingmay helpthe mobility of the
sampleiby reducingthe densityof thetype 1 constraintandby eliminatingthetype 2
constraintsThis alsoresultsin aneasieupdatealgorithm.

To derivethe partialdecouplingalgorithm,the samerepresentatioof theenegy as
in equationl2 is used However, the conditionaldistribution of theu,'s is now

7(ue(5)[X) o< exp (1x[-164.18¢.3) 1[0 < ur(§) < exp (Ik[16418¢1)]  (16)

wheredy ., is the factorassociatedvith eachof the auxiliary variables.This enables
the influencein the clusteringand anti-clusteringof eachtermin equationl12 to be
controlled.In practisethis enableghe compleity of the updatealgorithm causedoy



thetermswith 8;.; < 0 to be eliminated,by choosingd;., = 0 for theseterms.In
the experimentsdescribedelawv, the samevalueof § wasusedfor all the termswith
,3{.} > 0.

With this setof auxiliary variablesthe conditionaldistribution of x|u is now

X oc [T TI exp(el18y) x I exp (k[ = 6¢3)B13)

ki k:B¢.3<0 k:B{.3>0

x ] Muw@) < exp(lel16038()]| (A7)

k:By.3>0

Thefinaltermof thisequationis theclusterconstraints-whenupdatingtheuy, : 8;.y >
0, the pixels arebondedwith probability 1 — exp(—d;.36¢.1), andthis termssaysthat
all the pixelsin a clustermustbethe samecolour.

Thefirst two termsgive the distribution of the coloursof the clusters Fromthem
we caneasilyderive the conditionaldistribution for the colour of eachcluster givenits
neighboursFor computationapurposesi is corvenientto transforntherepresentation
backinto the form of equation10, exceptthatnow the potentialsof the configurations
have beenmodifiedby theinclusionof the (1 — d;.;) terms.This allows simplercom-
putationwhencomputingthe probabilitiesof the allowed coloursfor the regionswhen
implementinghe Gibbssampler

This resultsin aform of block updatealgorithm.The wealenedclusterconstraints
form regions,the sizeandshapeof whichis a functionof themodel. Theseregionsare
thenrecolouredwith probabilitieswhich reflectthe clusterformationprocessandthe
model.

Figure5 shows the bond-graphandthe correspondinglustermapfor the applica-
tion of the partial decouplingalgorithmto aninitial randomimage.Clearlythe density
of the bondsis muchreducedrom figure 4, sothe algorithmshouldbe moremobile.
The colouringof the clustersis updatedconditionallyon the clusters neigbourspsing
the Gibbssampler Figure 6 shavs theinitial imageandthe resultafter oneiteration.
The algorithm clearly movesrapidly towardsthe equilibrium distribution. However,
furtherupdatesisingthe Partial Decouplingalgorithmrapidly move towardsan almost
uniformimage— evenwith reducedondingstrengththe numberof possiblevaysthe
pixelsin a uniform region canbe bondedresultsin mostof thembeingjoinedinto one
cluster andthentheconditionalupdatewill preferentiallyre-colourtheregionsto elim-
inate edges.The algorithmis thusof limited applicability— it movesrapidly towards
theequilibriumdistribution, but movesslowly onceit hascorverged.

3 Conclusions

We have shovn how to constructan auxiliary variablealgorithmfor the MRF known
asthe ‘chien’ model,andexplainedhow this methodmay be usedwith anessentially
arbitrarybinary MRF. Becausef the strengthof interactionin themodel,however, in-
troducinga full setof auxiliary variablesresultsin asamplemwhich movesvery slowly.



Fig.5. Bond graph (left) and region map (right) for the Partial Decouplingalgorithm (6§ =
0.0067)

Fig. 6. Initial randomimage(left) andimageafter oneiterationof the Partial Decouplingalgo-
rithm (right)



Reducingthe setof auxiliary variables,andreducingthe influenceof thoseincluded,
enablesanalgorithmto be constructedvhichis aform of block-updatelgorithm.This
movesrapidly from a randomstartpoint towardsthe equilibriumdistribution, but then
movesinto oneof the modesof the distribution,andbecomesmmobile.

The SW algorithmfor the Ising modelshovs mostspectaculaimprovementat the
critical point, whenthe correlationlengthbecomesnfinite. The ‘chien’ modelwith
parametersorrespondingo the characteristicef realimagesdoesnot seemo exhibit
this behaiour, andso auxiliary variablesare of lessbenefit.Whetherthe ‘chien’ and
otherhigherordermodelsdo shaw critical behaiour for someparameteraluesis an
openproblem.If they do, thenthe algorithm describedn this papershouldbe very
usefulfor simulatingthe modelsin thosebehaviour regimes.
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